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We study effective quiver gauge theories arising from a stack of 
D3-branes on certain Calabi-Yau singularities. Our point of view is a 
first principle approach via open topological string theory. This means 
that we construct the natural Aoc-structure of open string amplitudes 
in the associated D-brane category. Then we show that it precisely 
reproduces the results of the method of brane tilings, without having 
to resort to any effective field theory computations. In particular, we 
prove a general and simple formula for effective superpotentials. 

1. Introduction and summary 

In this note we wish to revisit and clarify the relation of two approaches to 
certain quiver gauge theories from string theory. Common to both approaches 
is the setting of type IIB string theory on R 3,1 x X where X is a Calabi-Yau 
threefold. One then considers a stack of Minkowski space-filling D3-branes that 
from the point of view of X are placed at a singular point obtained by shrinking 
a complex surface Z C X to zero size, so that X can be identified with the total 
space of the canonical line bundle on Z. The effective low energy field theory of 
this arrangement is an M = 1 supersymmetric quiver gauge theory [25]. 



In order to extract the data of the effective quiver gauge theory from the 
geometry of Z, several procedures have been developed in [26, 27, 29, 30, 36, 38], 
most notably the fast inverse algorithm and the brane tiling method. These have 
been argued to be equivalent and hence we may restrict our attention to the more 
elegant latter method. As we will recall below, once a brane tiling associated to a 
given surface Z has been constructed, it is easy to read off the quiver gauge theory 
data. More precisely, one obtains the quiver that describes the field content of 
the effective theory as well as its F-term superpotential W. 

Independently of the above developments, recent years have seen huge concep- 
tual progress in the understanding of the sector of chiral primaries in type II string 
theory [8, 23, 39, 70]. This sector is equivalent to the topological B-twist [75] of 
the associated sigma model with target X; in particular, the effective superpo- 
tential is among the data that can be obtained from topologically twisted the- 
ories [18]. The D-branes and open strings of such models are described by the 
objects and morphisms of the bounded derived category D 6 (Coh(X)) of coherent 
sheaves on X. 

In order to capture the full structure of open topological string theory on X 
one however needs more than just its derived category. Indeed, it was shown 
in [21, 40, 42] that the amplitudes 

w i0 ...i k ~ (AoMi* 1 4i ] - f 4l ] ) disk 

of open string states ipi and their integrated descendants j ip!- are subject to 
certain constraints. These constraints follow from BRST symmetry and Ward 
identities and precisely encode a cyclic, unital and minimal A^-structure on the 
D-brane category (which in our case is a subcategory of D fe (Coh(X))). In terms 
of the amplitudes W io ,,, ik this basically means that they have a (graded) cyclic 
symmetry and that they obey the A^-relations 

E(_l)\^ 1 \+-+\'K\+rQi _ Qj _q (1 I) 

r>0,s>l, 
r+s<k 

for all k > 1, where 

Ql., k = " ij w ji0 ... ih 

is defined via the inverse u/- 7 of the topological metric Uij = (ipiipj) disk- Follow- 
ing [60] we may hence identify any cyclic, unital and minimal A^-algebra (or 
Aoo-category in the case of many branes) with an open topological string theory 
and vice versa. This means that everything that follows from this mathematical 
structure may be viewed as derived from first principles. 

It is a fact that the Aoc-structure encoded in the "structure constants" Q) r ,■ or 
in the amplitudes W io ... ik and the topological metric can be explicitly constucted 
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Figure 1.1: The 16 equivalence classes of reflexive lattice polygons. 

for any open topological string theory we know of. This is true not only for models 
with non-compact target (relevant for quiver gauge theories) but also compact 
theories such as sigma models and Landau- Ginzburg models [4, 5, 20, 59, 72]; 
because of its fundamental nature, the A^-approach can in principle be applied to 
any D-brane in any open topological string theory. Given this algebraic structure, 
one immediately obtains the effective F-term superpotential perturbatively as 
from the worldsheet perspective it is simply the generating function 

w - = E E ".':7 «*, • • • (i.2) 

k>2 io,...,ii 

in terms of formal variables Ui "dual" to the fields ipi. 

We believe the approach to open topological string theory and its effective field 
theories via A^-algebras to be conceptually very clear. However, from the point 
of view of efficiently computing superpotentials there are several other powerful 
techniques. In the case of compact models these include methods relying on 
geometric aspects and mirror symmetry, renormalisation group flows, or abstract 
deformation theory; for recent results in these directions see e. g. [1-3, 10, 11, 24, 
32-35, 46, 47, 55, 64, 73, 74]. 

Returning to the subject of this note, it is natural to expect that the effective 
superpotential Woo of the A^-approach coincides with the quiver gauge theory 
superpotential obtained by seemingly entirely different means from the geometry 
of the surface Z in X using the brane tiling method. This is the idea behind [7] 
where it was checked by explicit computations that the results of the brane tiling 
approach and the approach via A^-algebras agree for the special two cases where 
the surface Z is given by either P 2 or the first del Pezzo surface dP^ 

In the present note we generalise this to all weak toric Fano surfaces Z, i. e. to 
all toric surfaces represented by reflexive polytopes. It is a classical result that 
there are exactly 16 equivalence classes of reflexive polygons in the plane, shown 
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in figure 1.1. Since the Aoo-structure of a D-brane category may be viewed as the 
defining property of the associated open topological string theory, our result is 
conceptually relevant as it shows that the brane tiling method follows rigorously 
from first principles. 

We stress that it is not necessary to verify the above correspondence by com- 
paring the explicit computations on both sides for each individual example of a 
surface. Instead, one may immediately extract an v4oo-structure from the superpo- 
tential W of any brane tiling, and this Aoo-structure contains all the information 
about the effective quiver gauge theory. As we explain in section 2 this is done 
most naturally by rephrasing the Aoo-relations (1.1) in terms of W and the topo- 
logical metric, i. e. the Serre pairing on the Calabi-Yau X, using the language of 
formal non-commutative geometry [56] pioneered in the string theory literature 
in [60]. 

In a second step we then show in section 3 that the Aoo-structure encoded 
in W is the same as the natural Aoo-structure of branes wrapping the surface Z. 
We denote this subsector of the open topological string theory by D^(Coh(X)). 
To construct the Aoo-structure, we first use the elegant method of [50] to find 
the higher products on D 6 (Coh(Z)) and then extend [6, 7, 9, 19, 68, 69] it to 
branes in D^(Coh(X)). Along the way we provide a general and clear proof of 
the explicit formula 

Woo = X>^ ( L3 ) 

j 

where rj are the relations of the quiver associated to Z, i. e. polynomials of 
elements in Ext^ of a certain algebra describing fractional branes, and the pj 
are dual to rj so that together with the basis of Ext^ they span the space Ext^ 
on X. 1 This formula was conjectured and checked in examples in [7] and it is 
also closely related to the work of [68]. 

We remark that the outcome (1.3) for the superpotential Woo is a very simple 
expression. This means that while our conceptual derivation of the identity Woo = 
W may not make the extraction of the quiver gauge theory data from a given 
geometry easier still, the result for Woo from the Aoo-approach also does not rank 
behind its brane tiling equivalent (2.1) for W in terms of simplicity. 

The rest of the present note is organised as follows. In sections 2 and 3 we carry 
out the analysis outlined above and summarised in figure 1.2, and in section 4 we 
offer a concrete example to complement the abstract argument of the previous 
two sections. The body of this note is supplemented by several appendices that 
collect notational conventions, mathematical background material as well as some 
technical details of our arguments. 

Note added. While we were in the process of developing the results presented 
in this note into further directions, the preprint [31] appeared in which a similar 



The meaning of this will of course be made precise below in section 3. 



4 



branes on 
Z C X 


open topological string theory 


D-brane category 
D 6 z (Coh(X)) 


*■ 



cr 

o 





era 



o 
a. 

o 



quiver gauge theory 


extract 


(Q,W) 


> 



^ brane tiling 



^oTST 



Figure 1.2: The Aoo-structure v4£j ST of the open topological string theoretic 
D-brane category D^(Coh(X)) is identical to A 
structure encoded in the brane tiling superpotential W 
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equivalence of A^-categories is independently proven. The main differences to 
our approach and proof are as follows. The authors of [31] present a general, yet 
from the string theory perspective ad hoc definition of an Aoo-structure associ- 
ated to an arbitrary brane tiling; we on the other hand directly derive it from 
the superpotential using the formal non-commutative geometry of A^-algebras. 
Furthermore, the work of [31] is purely mathematical and does not discuss the 
relevance for string theory. We are mainly motivated by the conceptual physical 
question of how the brane tiling approach to quiver gauge theories can be un- 
derstood from the principles of open topological string theory. Finally, our proof 
differs from the one of [31] in that we emphasise the role of the surface Z and find 
the Aoo-structure on D^(Coh(X)) by extending that of D 6 (Coh(Z)); to construct 
the latter we do not have to perform explicit calculations since we make use of 
Keller's higher multiplication theorem [50]. 



2. The Aoo-structure of brane tiling superpotentials 

Recall our general assumptions: Z is a toric surface and X = tot(w^) is the total 
space of the canonical bundle of Z. As argued in [29, 30, 38], the data of the 
effective quiver gauge theory arising from a stack of D-branes wrapping Z d X 
can be described by a certain bipartite graph on a two-torus obtained from the 
convex polytope of Z called a brane tiling. Such a graph encodes both the quiver 
and the superpotential, which can be constructed in the following way. The dual 
graph of the brane tiling is the periodic quiver Q. To each vertex % is associated a 
gauge group U(n»), while each arrow a: i — > j corresponds to a chiral superfield $ a 
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transforming in the fundamental representation of the gauge group U(rij) and the 
antifundamental representation of U(rij). The faces of the periodic quiver are the 
terms in the superpotential. More precisely, the superpotential is given by 

df=a io ...a ik 

where / ranges over the faces of Q, df = a io . . . a ik denotes the set of arrows which 
are contained in the boundary of /, and (— 1)^ is +1 if / is a white face and — 1 
if / is a black face. Equivalently, the superpotential can be interpreted entirely in 
terms of quiver data: instead of W one may consider the corresponding element 
W G <CQ/[<CQ,<CQ]. Here, <CQ denotes the the path algebra of the quiver Q, 
and modding out by the commutator space simply accounts for the fact that all 
terms in W are cyclically symmetric. Put differently, W is a non-commutative 2 
cyclic function, i. e. a formal sum of oriented cycles on the quiver Q, and it is 
given by 

W= J2 (-l)^o (2-1) 

9f=a io ...a ik 

Now, as explained in detail in the next section, one should think of the ar- 
rows di, . . . ,a n in the quiver Q as a basis of the degree 1 part of Ext' x (S, S) y , 
where S describes the system of fractional branes that a D3-brane decays into 
when located at the zero section Z C X. Moreover, the boundary topolog- 
ical metrics of the system induce a non-commutative symplectic form u on 
T(Exf x (S,Sy)/[T(Exf x (S,SY),T(Exf x (S,S) v )] in the sense of [56], where 
T(Ext x (S,S) v ) = fc > o (Ext^(S,S) v )® fc (see the next section for a precise defi- 
nition of the tensor product involved). Analogously to the ordinary case, one can 
define Poisson brackets 

{F,G} = d -fu^ 

OUi OUj 

for cyclic functions F and G, where is the inverse matrix to and {ui} 
is a homogeneous basis for Ext ^-(5, S) v . The subscripts r and I refer to 
right- and left-differentiation. Viewing the superpotential W as an element 
of TiExf^S, S) v )/[T(Exf x (S, S) v ),T(Exf x (S, S) v )} and using (2.1), one finds 
that, in fact, {W, W} = 0. Indeed, the only elements appearing in W have de- 
gree 1; thus, in matrix notation the relevant part 3 of the bracket {W 1 W} can be 



2 This is in line with the fact that there is also a reason [40, 60] why one may also view the 
generating function Wco of amplitudes in (1.2) as a non-commutative function of its argu- 
ments Uii In the closed sector, the generating function of closed string amplitudes contains 
the same information as the amplitudes themselves. The reason is that the latter are totally 
(graded) symmetric. But since open string amplitudes Wi ,,,i k are only cyclically symmetric, 
only a non-commutative Woo can encode all information on the Wi ...i k . 

3 The topological metric has ghost number 3 and hence induces non-degenerate pairings 
Ext^S) x Ext^(S*,S*) -> € and Ext° x (S,S) x Ext^(S*,S*) -> C. That being so, only 
the Ext^s and the Ext 2 's will play a role. 
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which is clearly zero. 

The key observation now is the simple fact that the vanishing of {W, W} for 
an element W e T(Exf x (S, S) v )/[T(Exf x (S, S) v ), T(Exf x (S, 5) v )] is equivalent 
to the existence of a cyclic Aoo-structure on Ext^S 1 , S). More precisely, if W — 
Sfc>2 ^io...ik u io ■ ■ ■ u ik then the structure constants Q\ Q ,,,i k = w^Wji ...i k satisfy 
the Aoo-relations (1.1) (for an explicit check see e.g. [60, App. D]). Since the 
brane tiling superpotential W only depends on elements of degree 1, we thus find 
that it encodes a cyclic, unital and minimal Aoo-structure on Ext^S", S). 

The main point of this note is that the above Aoo-structure encoded in the 
brane tiling is not just any accidental such structure, but it is the same as the 
natural -structure of the category of D-branes on X wrapping Z. We will show 
this in the following section, thereby building the conceptual bridge between open 
topological string theory and quiver gauge theories. 

3. The Aoo-structure of the D-brane category 

D b z (Coh(X)) 

In this section we present the first principle approach to quiver gauge theories 
associated to our class of surfaces Z via A^-algebras. We will determine the 
Aoo-structure on the subsector of open topological string theory consisting of D- 
branes on X wrapping Z, and show that its superpotential Woo coincides with 
the brane tiling superpotential. First, however, we must develop our vocabulary. 

We start by recalling the definition of a tilting bundle. Let X be a smooth 
quasi-projective variety, and let D 6 (Coh(X)) be the bounded derived category of 
coherent sheaves on X. A coherent sheaf ^ on X is called a tilting sheaf (or, 
when it is locally free, a tilting bundle) if: 

(1) it has no higher self-extensions, i.e. Ext^(^, 3T) = for all i > 0, 

(2) generates the derived category D 6 (Coh(X)), i.e. the smallest trian- 
gulated subcategory of D fc (Coh(X)) closed under coproducts that con- 
tains and is closed under taking direct summands is equal to the whole 
of D b (Coh(X)). 



7 



Now let D 6 (mod-A) denote the bounded derived category of finitely generated 
right modules over the algebra A = End(^). Then, the functors RHom*(^, — ) 
and — Cg>^ ST define mutually inverse equivalences between D b (Coh(X)) and 
D 6 (mod-yl). For constructions of tilting bundles and their relation to derived 
categories we refer to [12, 15, 41, 49, 67]. 

A closely related notion is that of an exceptional collection. Let X be a 
smooth projective variety. A coherent sheaf E on X is said to be exceptional 
if Ext x (E,E) = for all k ^ 0, and Rom(E, E) = C. An ordered set of excep- 
tional sheaves (Eq, . . . , E n ) is called an exceptional collection if Exk x (Ej, EA = 
for j > i and all k. Such a sequence is said to be strong if it satisfies the addi- 
tional condition Ext x (Ej, Ej) = for all i,j and for k ^ 0. Finally, it is called 
full if it generates the category D b (Coh(X)). Thus, each full strong exceptional 
collection defines a tilting sheaf $ = ©™ =0 Ei, because the endomorphism algebra 
of <§ is a triangular algebra (cf. [54]). Vice versa, each tilting bundle whose direct 
summands are line bundles gives rise to a full strong exceptional collection. 

Now let us turn to the brane tiling context. For our notation for quivers, brane 
tilings, perfect matchings and related things, we refer to appendix B. Let A be 
an algebra defined by a quiver Q = (Q , Qi) with superpotential W associated to 
some consistent brane tiling, see (B.l). Denote by the fine moduli space of 
^-stable representations of A of dimension vector (1, . . . , 1) for a generic choice of 
the GIT parameter 9. (See [53] for some background.) An important conclusion 
of [45] is that this moduli space is a smooth toric Calabi-Yau threefold whose 
fan is determined by rays corresponding to perfect matchings. Let us recall the 
construction of a tilting bundle on ^Kq following [13, 37] . First some terminology 
is required. 

A walk 7 in Q is a formal composition a\ . . . al" 1 ' where ai, . . . , a m G Q\ and 
eii) G {±1}- If s{k) = 1 then is a forward arrow in 7; otherwise e(k) = —1 and 
a^ 1 is a backward arrow. Given a walk 7 we set I7I = e(l)a\ + . . .+e(m)a m G l9 x . 
For a fixed perfect matching 7r and a walk 7, let us write Xvr(7) = XttC^CItI)) i n 
the notation of appendix B. 

To each perfect matching one may pick 9 as in [45] and associate a prime toric 
divisor on j&q as follows: 

P 3 71 1 — > D-x = {x G I x a = for a G 71} . 

Here by a G 7r we mean that the arrow a crosses the perfect matching tv. If is a 
compact toric divisor then the perfect matching tt is said to be internal. For any 
walk 7, one can define a toric divisor on by setting D{^) = J^irepXnirfDn. 
We denote by ^(7) = ^(D(j)) the sheaf corresponding to D{j). 

Now fix a vertex io G Qo', for any other vertex % G Q , choose an arbitrary 
walk 7j from i Q to i. Then there is the following important result. 

Theorem 3.1 ([13, 37]). Let the notation and assumptions be as above. Then 
ieQn ^(T*) ^ s a lilting bundle on In addition, A = End(^). 
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Now let us go back to the specific context of this section. Let Z be a weak 
toric Fano surface, and denote by X = tot(uz) the total space of its canonical 
bundle. As discussed in [44], there is a consistent brane tiling corresponding to Z 
(see also [36, 71]). Furthermore, the arguments of [45] imply that coincides 
with X for a particular choice of the GIT parameter 9. In light of the above 
discussion, we deduce that = © i£ Q is a tilting bundle on X whose 

direct summands are line bundles. 

To take the next step, we should construct a full strong exceptional collection 
on Z. To this end, let i : Z X be the inclusion of the zero section. Then it is 
shown in appendix C that the restriction § = i* 2? is a tilting bundle on Z whose 
summands are line bundles. This, in turn, gives rise to a full strong exceptional 
collection on Z. In what follows we denote by B the algebra of endomorphisms 
of the object g, i.e. B = End(^). 

We observe next that the algebra B can be naturally viewed as the path al- 
gebra of a quiver with relations. In order to establish this, we fix an internal 
perfect matching tt. Let Q(n) C Q be the acyclic subquiver obtained by deleting 
from Q all the arrows corresponding to 7T. We regard the path algebra <CQ(tt) 
as a subalgebra of <CQ. In the notation of appendix B, let J n be the ideal of 
relations in <CQ(n) generated by the Jacobi ideal Jw] that is, J n = <CQ(n) PI Jw 
As is apparent from the definition of internal perfect matching, the prime toric 
divisor D n is identified with the image of the zero section i: Z ■=->■ X. Further- 
more, there is a canonical surjective map : T(X, 2? y <8> —> T(Z,$ y <g> S) 
whose kernel is generated by sections of 2? y <8> & vanishing at D^. Observe 
also that the map sending a path p = ai . . . a m in Q{n) to the product of the 
corresponding sections s% . . . s m G Hom(^(7 f ( p )), ^{^h{ P ))) determines an algebra 
homomorphism rj: CQ(vr) — > End(^). From this, one readily deduces that rj 
sends paths p,p' in satisfying t{p) = t{p') and h{p) = h{p') to the same 
element in Hom(^(7 t ( p )), ^ > (7/ l ( p ))) vanishing at D v if and only if p — p' G J n . 
Therefore 

B = End(^) ^ CQ(tt)/J^, 

which proves the initial assertion. 

We now turn our attention to obtaining some important consequences of the 
preceding results. Denote by mod-5 the category of finitely generated right 
modules over B. For each vertex % G Qq we have a simple object Tj in mod-5; 
this is the representation which assigns the field C to the vertex % and to 
any other vertex and where each arrow gives the zero map. We obtain in this 
way a complete set of representatives for the isomorphism classes of simple B- 
modules. Let T be the sum ©j g n % of all simple modules. The chain complex 
of endomorphisms RHom^(T, T) has a natural structure of a differential graded 
algebra. Multiplication is given by composition of endomorphisms. As explained 
in appendix A, there is an Aoo-structure on the full Ext-algebra 

V = Exf B (T,T) 
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with mi = and vri2 is induced by the multiplication of RHom^(T, T). This 
Aoo-structure on V* is unique up to Aoo-isomorphisms, and we will determine it 
explicitly below. 

As follows from the remarks at the beginning of this section, the category 
D 6 (Coh(Z)) is equivalent to D b (mod--B). This equivalence is given by the func- 
tor RHom*(^, — ). By a general result of [52, Thm. 3.1], the triangulated sub- 
category of D b (mod--B) generated by the is equivalent to the derived category 
D b (V°) (obtained as the degree zero cohomology of the A^-category of "twisted 
complexes" over V, see e.g. [58, 61]). Since T i; i e Q , generate the derived cat- 
egory D b (mod--B), we obtain an equivalence between D b (mod--B) and T) b (V'). 

To summarize, we have proved the following. 

Proposition 3.2. The derived category of coherent sheaves D b (Coh(Z)) on a 
weak Fano surface Z is equivalent to the derived category T) b (V). 

Now we consider the algebra A corresponding to X. Keeping the above nota- 
tion, the category of finitely generated right modules over A will be denoted by 
mod-A Again, to every vertex i e Q corresponds canonically a simple object Si 
in mod-A It is easily verified that the Si coincide with the objects L*Ti. In con- 
trast to the above, these will not be the only simple modules. The importance 
of the Si lies in the fact that they are the fractional branes which give rise to the 
effective quiver gauge theory. We can again form the sum S = © ie Q and the 
A^-algebra 

A* = Exf A (S,S), 

describing open strings stretched between the fractional branes. There is the 
following connection between this new A^-algebra and the previous one (again, 
see appendix A for Ajo-terminology) . 

Theorem 3.3 ([7, 19, 68, 69]). A* is A^-quasi-isomorphic to the trivial extension 
V@V[-3] V . 

We should take a moment here to make one important point. Let Dp (mod-A) 
be the full triangulated subcategory of D b (mod-A) generated by the simple mod- 
ules Si. Arguing as before, we see that Dg (mod-A) is equivalent to the derived 
category D 6 (A*). On the other hand, define D|(Coh(A)) C D 6 (Coh(X)) to be 
the full subcategory consisting of objects all of whose cohomology sheaves are 
supported on the zero section Z C X. A result of [16, Lem. 4.4] provides an 
equivalence between D^(Coh(A)) and Dq (mod-A). The net conclusion is that 
there is an equivalence 

D|(Coh(X)) = D 6 (A*) . 

This means that the structure of the open topological string theory described 
by the D-brane category D^(Coh(X)) is controlled by the relatively simple A^- 
algebra A* of open strings between fractional branes. 
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Now we arrive at a key junction. Let Eq = © ig Q C • be the semisimple 
commutative subalgebra of <CQ spanned by the trivial paths. We define E\ = 
ag g i C-a with the natural structure of an E^-bimodule. For each arrow a G Qi, 
there is a relation r a = d a W which is the cyclic derivative of the superpotential W. 
Let R = ©agQj C ■ r a be the i?o-bimodule generated by these. Then the path 
algebra of Q is CQ = T^Et = fc > o T^Eh., where T* Q E X = E x ® Eo ...® Eo E x is 
the fc-fold tensor product. We learn, at the same time, that the algebra A is the 
quotient of T Eo E x by the 2-sided ideal generated by the E'o-bimodule R. We also 
have the following canonical isomorphisms (cf. [62]) 

E^ £ Ext\(S, S) = Ext B (T, T) © Ext|(T, T) v , 
R v ^ Ext 2 A (S, S) = Ext|(T, T) © Ext^(T, T) v . 

In the same vein, one defines -E -bimodules Ei(n) = © a£ Q( 7r ) 1 C • a and R(n) = 
®ae-K ^' r a5 where we recall that a G 7r means that the arrow a crosses the perfect 
matching tt, i.e. a G Qi\Q(tt)i. Once again, we can represent B as the quotient 
of the tensor algebra T Eo Ei(ir) by the 2-sided ideal generated by the space of 
relations R(tt). Moreover, there are canonical isomorphisms 

E^nf Ext^(T, T) and R(n) v ^ Ext|(T,T) . 

The following important result is a version of the minimal model theorem 
discussed in appendix A that is specially adapted to the case of quivers. It will 
enable us to take full advantage of the results so far obtained. 

Theorem 3.4 (Keller's higher multiplication theorem [50]). Let i: R(tt) > 
T Eo Ei{ti) be the inclusion map and let A be the composite R A T^E^tc) — > 
© fc>0 Ei{it)® k . Then the only non-vanishing higher multiplications of A' = 
Ext' B (S, S) are equal to the maps 

\ v k : Ext B (T, Tf k — )• Ext|(T, T) . 

Thus essentially one knows these multiplications as soon as one knows all the 
relations in the quiver. 

With all this in place, we are now ready to compare the superpotential ex- 
tracted from the Aoo-structure inherent in the derived category of coherent 
sheaves on X and the superpotential extracted from the brane tiling. Let us de- 
note by {cti, . . . , a n } the set of arrows in Q(tt) and consider it as a basis in £q(7r). 
Denote by {a x , . . . , a n } the basis for Ext^(T, T) which is dual to {a x , . . . , a m }. 
Let {?"!, . . . , r m } be the full set of relations in Q(vr), where each rj can be written 

r i = Yl Yl ( a *i • • • a ^ r j) a h ® • • • ® a ik , 

fc>2 ii 
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for some (a^ . . . aj fe , Tj) G C We write {pi,...,p m } for the generators of 
Ext|(T, T) dual to {ri, . . . ,r m }. By theorem 3.4, the higher multiplications m k 
are "dual to the relations" : 

m k (a h ,...,a ik ) = . . . a ik , r^pj . 

j 

Now consider the basis {ai, . . . , a^, p 1 , . . . , p m } of E\ given by Oj = (a», 0) 
and Pj = (0, pj). Then Ext^S 1 , S) has a basis {cki, . . . , ac n , r 1; . . . , r m }, where 
CKj = («j,0) and Vj = (0, r 3 -). In the same manner, we obtain a basis 
{a*!,..., a*,r*, . . . ,r^} of Ext 2 A (S, S) with a* = (0,a;) and r* = (pj,0). We 
also note that the Aoo-algebra A* = Ext^(5*, S) carries a canonical Calabi-Yau 
pairing given by 

(a*,ocj) = (r*,rj) = S tj . 

This pairing coincides with the topological metric. Combining our remarks with 
the results in appendix A, we have for the higher multiplications m k of A*: 

m k (cx il ,...,a ik ) = ^2(a h . . .a ik ,rj)r* . 
j 

Together with the cyclicity property this determines all the Aoo-products in A*. 

We have now accumulated all the information necessary to compute the su- 
perpotential of the low energy effective field theory of the open topological string 
theory described by D^(Coh(X)); we find 

Woo = ( m k( a h,- ■ ■ , oti k ), r io )p io ® a h ® . . . ® a ik 

k>2 io,---,ife 

= Y ( • • -a^Xr*, r j )p j \ ® a tl ® . . . ® a lk 

k>2 ii,—,ik \ i,j / 

= Y[Y1 Y ■ ■ ■ a ^ r j) a h ®.-.®a lk \® p j 

j \ k>2 ii,...,i k / 

j 

This result was argued for heuristically in [7, Sect. 4]. 

To conclude, we will show that the brane tiling superpotential W is the same 
as Woo- This turns out to be very straightforward. To begin with, each arrow 
a G Qi occurs twice and only twice in the superpotential W, and from (2.1) 
we see that two terms involving any given arrow appear with opposite signs. 
Furthermore, any pair of terms may have only one single arrow in common. 
Thus, using the notation introduced in the text preceding theorem 3.4, we deduce 
that W can be expressed in the form 

W = ^r a a, 
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where we recall that the construction fixes an arbitrary internal perfect match- 
ing 7r. Since the arrows crossing 7r correspond to relations in the quiver Q(tt), we 
obtain the desired assertion. 

Altogether, we have established the following result. 

The Aoo-structure of the D-brane category D^(Coh(X)) is the same as the 
one encoded in the brane tiling superpotential W. In particular, the ef- 
fective quiver gauge theory can be obtained solely from the fundamental 
A^-structure of D|(Coh(X)). 

4. An example: dP 2 

Let us illustrate how the general formalism of the previous section applies in the 
concrete case where Z is P 2 blown up at two points, also known as the second del 
Pezzo surface dP2- We will explicitly construct a full strong exceptional collection 
on dP2 and determine the associated acyclic quiver and its relations. This allows 
us to apply equation (1.3) to compute the effective superpotential Woo, and of 
course we find that it can be identified with the brane tiling superpotential W 
from (2.1). 

The surface dP2 is the toric variety defined by the polytope with vertices U\ = 
(1,0), u 2 = (0,1), u 3 = (—1,1), u 4 = (—1,0) and = (0,-1). The toric 
diagram for the total space of the canonical bundle of dP2 is given by the fan with 
one-dimensional cones generated by v = (0,0,1), v x = (1,0,1), v 2 = (0,1,1), 
f 3 = (—1,1,1), t> 4 = (—1,0,1) and t> 5 = (0,-1,1), and three-dimensional cones 
Oi = R>oV + R>oVi + R> v i+ i for 1 < i < 4: 



^3 V 2 




V 5 

The associated brane tiling is 
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■1 
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1 : 1 


fl / 


l; ,4:[t^4 


it 


M 






1 V >-V 



An = A: = £ 2 = ^3 Ar 4 - A A 5 = A 







"1 


k > 


fl 41 4 











A 6 — -Do A 7 — A — Dq D^g — Z?o 



An, — A 



Figure 4.1: The ten perfect matchings of the dP2 tiling. The prime toric divisors 
corresponding to each perfect matching are indicated. 



where the dash-bounded region is a fundamental domain of the torus. From this 
one may read off the dual periodic quiver Q which is given by 




There are ten perfect matchings 7Ti, . . . , 7i"io of the dP2 tiling. We show them 
in figure 4.1, where also the corresponding prime toric divisors D ni , . . . , D. Kl0 are 
indicated. Here Di denotes the toric divisor defined by the ray generator Vi, 
< i < 5. Note that the perfect matchings vr 6 , . . . ,7r 10 are represented by the 
toric divisor Dq so that they are internal matchings. 

To determine the tilting bundle on the canonical bundle of dP2, we need to fix 
walks in the periodic quiver that connect the vertex to all other vertices. Our 
choice of walks is shown in figure 4.2. If we choose the trivial walk 70 from to 
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1 ] 




m /j 














j <jj jj ^2/ ''<r 









71 : -> 1 7 2 :0^2 73 : ^ 3 74 : ^ 4 



Figure 4.2: A set of walks in the periodic quiver. 

itself, the toric divisors computed from the prescription in section 3 are 

D(lo) = 0, 
£>(7i) = A) + D 1 , 
D( l2 ) = 2D + D X + D 5 , 
L>( 73 ) = 3D + £>i + D A + D 5 , 
D( l4 ) = 4D + D 1 + D 3 + D 4 + D 5 . 

Invoking theorem 3.1, we conclude that 

& = © 0(D O + D x ) © 0(2D O + Di + D B ) 

© (3Z> + D x + D 4 + As) © ^(4^0 + A + A + A + A) 

is a tilting object on the canonical bundle of dP 2 . 

Now, setting S to be the restriction of SF to dP2, it is immediate that 

S = G © 0{D X ) © ff{D x + A) © 0(D 1 + A + A) © ^(A + A + D 4 + A) 

where, by a mild abuse of notation, A denotes the toric divisor in dP2 associated 
to the vertex Uj, 1 < i < 5. Furthermore, by proposition C.I in appendix C, S is 
a tilting bundle on dP2 whose summands are line bundles and hence 

(0, 0{D 1 ), 0(D X + A), 0(D X + D 4 + A), 0(D X + A + D 4 + A)) 

is a full strong exceptional collection on dP2- The corresponding quiver is given 
by 



a 7 




0,5 
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If we order the arrows as illustrated above, then the relations 4 are 

ri = aia^a^ag — CL2 a iQ'7 1 r 2 — a 2 a 5 — aia 3 a§ , r 3 = a 3 a 7 — a 5 ag . 
Thus it follows from (1.3) that the effective superpotential is given by 

Woo = (til ® «4 <£> «6 ® ^8 — a 2 ® «4 ® Oq) ® 

+ (a 2 <g> a 5 - ai <8> a 3 <8> a 6 ) <g) p 2 + (a 3 ® 07 — a 5 ® a 8 ) <g> p 3 . 

Now let us pick the internal perfect matching 7r 10 of figure 4.1. 5 Deleting the 
corresponding arrows in the periodic quiver gives the acyclic quiver: 




As can be inferred from this picture, the quiver obtained from the exceptional col- 
lection is the same as the acyclic quiver which is obtained directly from the tiling. 
If we label the arrows as shown in (4.1), then the brane tiling superpotential is 

W = (aia 4 a 6 a 8 - a 2 a 4 a 7 )p 1 + (a 2 a 5 - a 1 a 3 a e )p 2 + (a 3 a 7 - a 5 a 8 )p 3 , 

where pi, p 2 and p 3 are the deleted arrows corresponding to the perfect match- 
ing 7Tio; compare [28, 66]. We readily see that the expressions for Woo and W 
match if we make the right identifications (in particular, the deleted arrows must 
correspond to relations in the acyclic quiver). 
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A. Aoo-algebras 

In this appendix we introduce basic notions of the theory of A^-algebras as well 
as the specific constructions that we need for our arguments in the main text. 
For a broader introduction we refer e.g. to [51, 61]. Note that in the main text 
we denote the Aoo-products r n by m n to avoid confusion with the relations rj. 

An Aoo-algebra is a graded vector space A together with linear maps r n : 
A[l}® n ->- A[l] of degree +1 for all n > 1 such that 

E r n _ j+1 o (id* ® n ® id*^) = (A.l) 

i>0,j>l, 

where A[l] denotes the vector space A with the suspended grading, i.e. if A 
decomposes into its homogeneous components as A = ® i Ai, then A[l]i = A i+ \. 

The first two Aoo-relations in (A.l) say that r\ squares to zero and is a deriva- 
tive with respect to the multiplication on A defined via fj,(a, b) := (— l)' a ' +1 r2(a, b). 
One may hence consider the cohomology H n (A) of r\ as we will do below. Fur- 
thermore, in the case that all higher products vanish, the n = 3 equation in (A.l) 
simply says that \i is associative. We thus find that a differential graded algebra 
(A,ri,n) is the special case of an Aoo-algebra with r n > 3 = 0. 

If one chooses a basis {e a } of A then the (higher) maps r n are determined by 
their structure constants Q" „ in 

r n{&a^i ■ ■ ■ i G a „) — Q ai ...a„ e a ■ 

When evaluating the Aoo-relations (A.l) on e ai <g> . . . <g> e a „ these relations pick up 
sign factors according to the Koszul rule, e. g. (id®ri)(a<g)6) = (— l)l a l +1 a tg)ri(&). 
This way we find that (A.l) is equivalently presented in terms of the structure 
constants Q^_ M , which have to satisfy the constraints (1.1), 

E(_l)\e ai \+...+\e ai \+iQa , Q b — Q 

V V ^ a 1 ...a i ba i+ j +1 ...a n ya 6a i+ i...a i+ j 

i>0,j>i, 

i < n 

An Aoo-algebra (A,r n ) is minimal iff r± = 0. It is unital iff there exists e G 
A[l]_i such that r 2 (e, a) = —a, r 2 (a, e) = (— l)' a ' +1 a for all a G A[l], and all other 
products r n vanish if applied to a tensor product involving e. A is cyclic with 
respect to a bilinear form (— , — ) on A iff 

(a , r n (a 1; . . . , a n )> = (_i)(|ao|+i)(|a 1 |+... + |a„|+n) rn(a2; _ _ _ s Qn q ao)) (A .2) 

for all homogeneous elements a$ G A. 

An A^-morphism between Aoo-algebras A and A' is a family of linear maps 
F n : A[l}® n ->■ A'[l] of degree for all n > 1 such that 

E E < ° ( F - ® • • • ® F = E ° ( id % ® ® aSST^) . 

l<i^,...,ip<n, i>0,j>l, 
ij + ...+ip= n i+j'<n 

(A.3) 
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(F n ) is an A^-isomophism iff F\ is an isomorphism, and an A^-quasi- 
isomorphism iff F± induces an isomorphism on cohomology with respect to r\. 
Now we can formulate the fundamental theorem in A^-theory: 

Theorem A.l ([48, 57, 63]). Any A^-algebra (A,r n ) is A^-quasi-isomorphic 
to a minimal A^-algebra. Such a minimal model for A is unique up to A^- 
isomorphisms. 

This means that the cohomology H n (A) of an A^-algebra A can be endowed 
with an Aoo-structure that is compatible with the one on A. In section 3 we use a 
special version of this construction due to [50] in the special case of a differential 
graded algebra A. 

An A^-bimodule over an A^-algebra (A,r n ) is a graded vector space M to- 
gether with linear maps r^f : A[l}® m <g> M[l] <g> A[l]® n -> M[l] of degree +1 for 
all m, n > 1 such that 



i,j>0,fe>l, 
i-\-j-\-k=m 



J2 r n!-k+i,n ° (idS[i] ® ® id®^ ® id M[1] ® id®^ 

;>1, 
=m 

i,j,fc,i>0, 



i,j>0,fc>l, 
i-\-j-\-k — n 



Any A^-algebra (A, r n ) is a bimodule over itself with r^ in = r m+1+n . There is 
also a bimodule structure on the dual A y = Hom (C (y4, C) given by 

^m,n(^l ) • • • ) "mi 0j ^ m+l> * ' ' ' ^m+n) (^O 

= (_i)GXi Iail)(l*l+Ej=i |am+jl)+l*l+5Xi N E 3 m =i+i Kl 

a, ai, . . . , a m )) . 

When we prove the formula (1.3) in section 3 we need to compute the A^- 
structure on V © V[— 3] v for the special case of a minimal A^-algebra (V,r n ). 
This can be done if we know the A^ -structure on the "trivial extension" A^- 
algebra A © M and the bimodule M[— 1] for any Aoo-bimodule M over A, which 
is given by 



ri® M '((ai,«i), . . . ,(a n ,v n )) 

n 

= (r n {ai, ...,a„), £(-l) M+ -" + l*-d+ i r£ 1)n _,.( f . ] (/ ,_, . , v (//+ , „„ 

and 



= /_l\|ai|+...+|a fc |+fc M / 



18 



B. Brane tiling background 



In this appendix, we review some relevant properties concerning brane tiltings. 
A full treatment of the subject can be found in [17]. 

A graph T is bipartite if its vertex set V can be partitioned into two sets V 
and V" in such a way that no two vertices from the same set are adjacent. In 
fact a graph being bipartite means that the vertices of T can be coloured black 
and white such that each edge connects a black vertex to a white one. A brane 
tiling is a polygonal cell decomposition of a torus T = ]R 2 /Z 2 , whose vertices and 
edges form a bipartite graph T. 

Given a brane tiling T <zT one can consider the dual tiling with vertices dual 
to faces, edges dual to edges and faces dual to vertices. The crucial fact is that 
the edges of the dual tiling inherit a consistent choice of orientation. Therefore 
the dual graph is a quiver Q, with the additional structure that it provides a 
tiling of the torus T with oriented faces. We shall refer to the faces of the quiver 
dual to black (resp. white) vertices of the brane tiling as black (resp. white) faces. 

As usual, we denote by Q the set of vertices and by Qi the set of arrows of Q. 
To this information we add the set Q 2 of oriented faces. Let h(a) and t(a) denote 
the head and tail vertices of an arrow a G Q\. Then there exists a chain complex 

where d\ is defined by d\{a) = h(a) — t(a), and d 2 is defined by d 2 (f) = J2 a ef a - 
Following [65], we define the group 

G = Z^/(d 2 (f)-d 2 (f')\fJ'eQ 2 ) 

and let w : Z^ 1 — > G be the natural projection. 

Now let GQ denote the path algebra of Q. Then the vector space 
<CQ/[<CQ, GQ] consists of all oriented cycles in the quiver Q. The consistent orien- 
tation of any face / G Q 2 of the quiver means that we may interpret df as an ori- 
ented cycle in the quiver. Thus, we can define an element of W G GQ/[GQ, GQ] 
by letting 

/6Q 2 

where (—1)-^ takes value +1 on white faces of Q, and —1 on black faces. This is 
called the superpotential attached to the brane tiling. 

For each arrow a G Q\ there is a "derivation" d a : C/[CQ, GQ] — > GQ that 
takes any occurrences of the arrow a in an oriented cycle and removes them 
leading to a path from h(a) to t(a). Then the superpotential W determines an 
ideal of relations 

Jw = (d a W | a G QO 
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in the path algebra CQ; this is usually called the Jacobi ideal. The quotient of 
the path algebra <CQ by this ideal is the superpotential algebra 



A = €Q/J W . 



(B.l) 



It was proved in [17] that under certain consistency conditions on the brane tiling 
the algebra A is a three-dimensional Calabi-Yau algebra. 

A perfect matching it in a brane tiling r C T is a choice of edges of T such that 
each vertex of T is adjacent to exactly one of the edges. We denote by P the set 
of all perfect matchings in T C T. For any given tt G P, define the characteristic 
function x-n- '■ Z^ 1 — )■ Z by 



where a G tt means that a crosses an edge in tt. It is plain that ^(^(Z)) — for 
all / G Q%- This implies that x-k induces a well-defined linear map G — > Z. 



Throughout this appendix Z denotes a weak toric Fano surface and X = tot(u>z) 
is the total space of the canonical bundle of Z, which we view as a quasi-projective 
variety with a fibration tt: X — > Z. We shall again let l: Z > X denote the 
inclusion of the zero section. Our aim is to show that the restriction of a tilting 
bundle on X to the zero section Z C X is a tilting bundle. Assertions of this 
sort have already been considered in [43, Lem. 7.1]. 

Before focussing on our specific problem, we record the following useful ob- 
servation. Let T be a compact object in a compactly generated triangulated 
category @. To say that @ is generated by T is to say that the smallest tri- 
angulated subcategory of @ closed under coproducts that contains T (and is 
closed under taking direct summands) coincides with @. A deep result of [14, 
Thm. 2.1.2] implies that the latter condition is equivalent to the following one: for 
any E G @, 



Lastly, it should be mentioned that the derived category of coherent sheaves on 
a separated, Noetherian, regular scheme of finite Krull dimension is compactly 
generated. In this category a compact object is a perfect complex. 
Now let us come back to the situation at hand. 

Proposition C.l. Let 3? be a tilting bundle on X. Then $ = t* is a tilting 
bundle on Z . 




C. A tilting bundle on Z 



Hom(T, E[k)) = for all k G Z E = . 
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Proof. To begin with, we need to ensure that $ = l* ^ has no higher self- 
extensions. The adjoint property of Li* and 6* together with the projection 
formula shows that 

RHom" = RHom*(Li*^, Li* 3?) 

= RHom*(^,at*^) 

= RHom , (^,^® L i*0 z ). 

Using the tautological exact sequence 

— ► tt*^ 1 — > & x — y t* &z i 

we obtain that the complex {n*^ 1 — > Gx\ is a resolution of i*6 z by locally free 
sheaves. Therefore we find that 

RHomV, &) = RHom^, & ® L {ir*^ 1 -> 

= RHom^, <g> vr*^ 1 ^}) 
^ Rr(^ v <g> L g> vr*^ 1 ^}) 

s Rr({^ v ® ^ <g> tt*^ 1 -> ^ v <g> ^}) 

Since ^ is a tilting bundle, we have ^ v <g> ^) = Ext|(^, ^) = for all 

k > 0, from which we deduce at once that 

Ext|(<f,<r) = ^(RHom*^/)) = for jfc > . 

Finally we have to prove that S generates D b (Coh(Z)). The above remarks 
together with the adjoint property of Li* and i* show that for any object E G 
D b (Coh(Z)) 

Hom(<f , E[k\) = for all k e Z i*£? = . 

Since i is a closed immersion, one obtains E = 0. The desired conclusion now 
follows from the foregoing remarks. □ 
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